Atomistic simulations with empirical potentials and density-functional theory calculations are used to characterize the structure, energetics, and ferroelectric properties of domain walls in LiNbO 3 . The two methods yield similar polarization patterns and atomic structures at the domain walls. The structure of the domain wall on the mixed anion-cation planes is very different from that of the domain wall on planes of alternating cations and anions. The breaking of the uniaxial symmetry of the ferroelectric phase by the domain walls leads to nonuniaxial contributions to the polarization in the domain-wall region. In particular, a polarization component parallel to the domain walls leads to a Bloch-type rotation while a polarization component normal to the domain walls leads to Néel-type rotation. The polarization profiles at the domain walls are fitted to GinzburgLandau-Devonshire theory. The comparison of energetics at equilibrium and at transition states yields estimates of the energy barrier heights for domain-wall motion.
I. INTRODUCTION
Lithium niobate ͑LiNbO 3 ͒ is a ferroelectric material with a high spontaneous polarization ͑ϳ70 C / cm 2 ͒, high Curie temperature ͑ϳ1480 K͒, excellent piezoelectric, pyroelectric, and nonlinear optical properties. 1, 2 Because of its unique ferroelectric and nonlinear optical properties, LiNbO 3 has many applications in optoelectronics, 3 nonlinear optics, 4 and microelectromechanical devices. 5 In the high-temperature paraelectric state, LiNbO 3 has a trigonal ͑R3c͒ structure. 6 It becomes ferroelectric at the Curie temperature, loses its inversion symmetry along the c axis, resulting in space group R3c. Figure 1͑a͒ shows schematic side views of the paraelectric and ferroelectric ͑up and down polarization͒ phases. Since all of the ion displacements associated with the ferroelectricity are parallel to the c axis ͑i.e., along ͓0001͔͒, the paraelectric and ferroelectric phases look identical in the top view, Fig. 1͑b͒ . The polarization state can be switched by the simultaneous movement of Li ions through an oxygen plane and the displacement of the Nb atoms within an oxygen cage; there is also a small amount of motion of the oxygen ions during this switching process. Molecular-dynamics ͑MD͒ simulation previously showed that the phase transition is displacive in nature for the Nb atoms in the oxygen cage and order disorder in nature for the movement of the Li atom through the oxygen plane. 7 Gopalan et al. 8 identified two crystallographically different domain walls between domains of opposite polarization. As discussed in detail below, an X wall lies parallel to a mixed anion-cation plane while a Y wall lies parallel to alternating planes of cations only and anions only. They derived a relationship between the domain-wall width and energy based on Ginzburg-Landau-Devonshire ͑GLD͒ theory. 9 However, the detailed atomic structure and energetics of these domain walls has not been determined. The objective of this work is, therefore, to characterize the structure and energetics of these domain walls. The approach we will take is atomic-level simulation with empirical potentials, validated against electronic-structure calculations at the level of density-functional theory ͑DFT͒.
II. SIMULATION METHODOLOGY
All the DFT ͑Refs. 10 and 11͒ calculations are performed with the Vienna ab initio simulation Package ͑VASP͒.
12, 13 The projected augmented wave ͑PAW͒ ͑Ref. 14͒ pseudopotential within the generalized gradient approximation ͑GGA͒ ͑Ref. 15͒ is used to evaluate the exchange and correlation interactions. The outmost shells of each ion, 2s 1 on Li, 4p 6 4d 4 5s 1 on Nb, and 2s 2 2p 4 on O, are considered as active valence states for the interactions and are treated explicitly; the energy cutoff for the plane waves is 400 eV. 16 A conjugate gradient and quasi-Newton algorithm are used for the ionic relaxation. 17 The force criterion for complete ionic relaxation is 0.0001 eV/ Å. The residual minimization method direct inversion in the iterative subspace algorithm, 18 which optimizes several individual energy bands at the same time, is used for electronic energy minimization. The pseudopotential and methodologies used here are the same as used previously in studies of intrinsic defects in LiNbO 3 . 19 Electronic-structure calculations generally give the highest materials fidelity among available simulation methods. Unfortunately they are not suitable for the systematic study of these domain walls because the computational load for the system sizes required is prohibitively high. For example, eight unit cells for LiNbO 3 , contains 240 atoms and 1440 electrons, is large for a DFT study. However, we are able to perform benchmark DFT calculations in which the domain walls are particularly close together, against which, to compare our atomic-level simulations with empirical potentials. As we shall see, the two methods show good agreement.
Most of the results presented here come from atomic-level simulation with empirical potentials. The maximum system size for the study includes 36ϫ 4 ϫ 3 unit cells ͑12960 atoms͒. This large size, considerably beyond the capabilities of DFT calculations, allows domain walls to be characterized with essentially no interactions with a neighboring domain wall. The interatomic potential used was developed by Jackson et al. 20 This potential contains four terms: a short-range interaction, a long-range electrostatic interaction, an interaction between core and shell, and a three-body interaction. The short-range interactions are described by the Buckingham potential whose functional form is
where r is the distance between two different ion species, and A, , and C are potential parameters. Three different interatomic interactions, Li-O, Nb-O, and O-O are included in the Buckingham potentials. The interatomic interactions are cut off using a shifted force method at a distance of 10.2 Å, which corresponds to twice the lattice parameter along ͓1000͔. The electronic polarizability of the ions is captured in a shell model which describes each ion as a core consisting of the nucleus and inner electrons, and a shell of valence electron; the core and shell are connected by a harmonic spring,
where is the core-shell displacement and k 2 is the harmonic spring constants. The core and shell carry partial charges, the sum of which is the full ionic charge of each atom species. The positions of the cores and shells are determined in a fully dynamic manner with fictional masses of 10% of the mass of the individual ions are assigned to the shells. The core and shell of each ion interact with the cores and shells of other ions through Coulombic interactions,
where r ij is the distance between the core or shell position of two species whose charges are q i and q j . The direct summation method of Wolf et al. 21 is used for the calculation of the Coulombic interactions.
A three-body harmonic O-Nb-O is also applied,
where and 0 = 90°are the actual and ideal angle between O-Nb-O and k is the three-body harmonic constant. The ferroelectric polarization of LiNbO 3 can be understood in terms of the electronic polarizations associated with the core-shell interactions, the displacements of Li and Nb ions from the high symmetry positions of the paraelectric phase, and the associated small oxygen displacements. Figure 2͑a͒ shows the temperature dependence of the polarization as determined with the Jackson potential. The polarization decreases quite gradually up to 1400 K, above which it rapidly drops to zero at 1500-1510 K, which we take as an estimate of the Curie temperature for this potential. This value is in good agreement with the experimental Curie temperature of 1483 K. 6 This result is also supported by an analysis of the distribution profile of the displacements of the Nb and Li atoms from the centers of the oxygen octahedra and from the oxygen planes. Well below the Curie temperature, the main effect of the increased temperature is a broadening of the distribution of cation positions about their displaced values with only a small decrease in polarization. At temperatures above 1400 K, there is a significant shift of the cations to positions that are symmetric relative to the oxygen sublattice, with an associated significantly decreased polarization. Figure 2͑b͒ shows the average displacements of the Li and Nb ions from their crystallographically expected sites, both of which decrease to zero at the Curie temperature. We see that the Nb displays displacive dynamics, Fig. 2͑c͒ , while the Li ions show order-disorder behavior, Fig. 2͑d͒ , consistent with the results previously obtained with the Tomlinson potential. 22 These results differ from the previous results using the Tomlinson potential, 7 which showed that the Nb displacements went to zero well below the Curie temperature; this effect is not seen for this potential.
III. CRYSTALLOGRAPHY OF LiNbO 3
Before we discuss the domain-wall structure, it is necessary to understand the crystallography of LiNbO 3 in some detail. This section provides the necessary background. To understand the crystallography and properties of LiNbO 3 , it is necessary to use three distinct coordinate systems: rhombohedral, hexagonal, and Cartesian coordinates, see The domain walls in LiNbO 3 separate regions with polarizations in the +z ͓0001͔ and −z ͓0001͔ directions. Scrymgeour et al. 9 determined that two different crystallographic planes can define the domain wall. In Fig. 4͑a͒ the X walls and Y wall are projected onto the ͑0001͒ plane. The Y wall lies parallel to c-glide planes, thus containing only cations or anions, but not both. The X wall lies perpendicular to c-glide planes, and thus contains both cation and anions. Figures  4͑b͒ and 4͑c͒ show slices through these domain walls on one side of the wall, parallel to ͑1120͒ for the Y wall and parallel to ͑1010͒ for the X wall. The "up" polarization is obtained when the Nb atoms shift up from the octahedra centers and the Li atoms sits above their oxygen planes. Correspondingly, "down" polarization is obtained when the Nb atoms are shifted down and the Li atoms sit below the oxygen planes.
In the paraelectric R3c ͑No. 167͒ state, the Li and Nb ions occupy 6a and 6b Wyckoff positions, respectively, while the oxygen ions occupy 18e Wyckoff positions. While the 6a and 6b site positions are fully defined by the crystallographic tables, 23 the positions of the 18e oxygen sites are in addition characterized but a positional parameter X O , which defines the displacements of each oxygen ion along its associated hexagonal axis, the precise value of X O being different in different R3c systems. Neutron powder-diffraction studies have determined the positional parameter for LiNbO 3 to be X O = 0.0591-0.0607. 24 Previous DFT studies yielded X O = 0.036 ͑Ref. 25͒ and 0.049 ͑Ref. 26͒ in two different localdensity approximation ͑LDA͒ calculations and X O = 0.048 ͑Ref. 27͒ in a GGA calculation. Our DFT study gives X O = 0.039 which lies within the same range. In agreement with a previous empirical study, 20 our simulations with empirical potentials yield X O = 0.034, which is somewhat smaller than the experimental values, but very similar to the DFT values.
The crystallography of the ferroelectric phase is more complicated. On losing inversion symmetry along the Z direction during the phase transition to the ferroelectric state, the space group drops to R3c ͑No. 161͒. In this structure, the Li and Nb ions both sit at 6a Wyckoff positions; the oxygen ions occupy the 18b positions. X-ray diffraction studies which correspond to displacements of ⌬Z = Ϯ 0.033 from the positions in the paraelectric phase; the DFT and empirical simulations yield almost identical values. In characterizing the oxygen displacements, it is important to distinguish between the Cartesian coordinates and the hexagonal coordinates, the latter being more useful for understanding the inplane displacements. In hexagonal coordinates, the crystallographic positions of the oxygen ions in the ferroelectric state are characterized as ͑u, 1/ 3+v, and 1 / 12− w͒ for up polarization state and ͑u − v, 1/ 3−v, and 1 / 12+ w͒ for down polarization.
29 An x-ray study 28, 30 determined ͑u , v , w͒ = ͑0.0492, 0.0113, 0.0186͒, see Table I . Values obtained from a more detailed crystallographic analysis, 24 from DFT, 27 and from simulations with the same empirical potential as we are using 20 yielded similar magnitudes. Our DFT and empirical calculations yield results consistent with the published values. The difference in oxygen position between up and down polarization is ͑⌬v, 2⌬v, and 2⌬w͒. Because the X and Y directions are at 120°to each other, the two polarization states actually have the same Cartesian x coordinate, but different y coordinate. Because of the threefold rotation symmetry, the oxygen ions move along three equivalent Y directions, one of which is aligned to be parallel to the Cartesian y axis.
Because it is easier to understand the structure in the rhombohedral unit cell, Fig. 5 shows the structure along the rhombohedral ͓001͔ direction ͑corresponding to the ͓4261͔ direction in the hexagonal coordinate system͒. In this direction, and in the ͓100͔ and ͓010͔ directions, the alternating oxygen octahedra tilt in opposite directions with tilting angle . This in-plane displacement tilting can be expressed as a − a − a − with = 24.1°, using Glazer's notation for perovskite systems. 31 As a result of this tilting in three spatial directions, there are six distinct oxygen layers along the z direction. 32 For up polarization state, the three bottom oxygen layers rotate counterclockwise about the z axis while the three top oxygen layers rotate clockwise, see Fig. 6͑a͒ ; this six-oxygen layer pattern repeats. The rotation angle between the first and second oxygen layers is slightly different from the angle between the second and third oxygen layers. The three upper oxygen layers rotate in the opposite direction. In the bulk, these antiphase rotations cancel in both the x and y directions, leading to a net zero in-plane polarization. The down polarization shows corresponding displacements. Although the rotation angles between each layer are different from those in the up polarization state, the cancellation of the clockwise rotation of the upper three oxygen layers and the counterclockwise rotation of the bottom three oxygen layers again leads to net zero in-plane polarization.
Because the in-plane positions of the oxygen ions differ in the up and down directions, when the polarization is flipped from up to down, the positions of the oxygen ions change along one of the three equivalent hexagonal directions. Thus, the three different sets of six oxygen ions can be denoted as O1, O2, and O3 and their corresponding hexagonal axes as Y 1 , Y 2 , and Y 3 . The arrows in Figs. 6͑b͒ and 6͑c͒ represent the directions of the displacements of the three types of oxygen ions when the system switches from up to down polarization. As we shall see, this complex crystallography of the single crystal has a profound effect on the structure and properties of the domain walls.
IV. DOMAIN WALLS
Every Y wall lies parallel to one of the Y axes; every X wall lies parallel to one of the X axes, symmetrically between two of the Y axes. For the Y wall parallel to the Y 1 axis, see Fig. 6͑b͒ , we can expect the O1 oxygen ions to be displaced parallel to the wall ͑i.e., along the Y 1 axis͒, and the O2 and O3 ions to be displaced along the Y 2 and Y 3 axes at ϯ120°to the domain wall.
Because, the X walls lie along planes at 30°to the Y walls, they lie perpendicular to one of the Y axes ͓Fig. 6͑c͔͒. For the X wall plane perpendicular to Y 2 axis, as shown in Fig. 6͑c͒ , the O2 ions mainly displace parallel to the Y 2 axis, i.e., perpendicular to the domain wall. By contrast the O1 and O3 displace mainly at Ϯ30°from the X wall.
As we will see, because of their different crystallographies, the two domain walls show different atomic structures and different patterns of polarization in the domain-wall region, and thus have different domain-wall energies. To study these domain walls, we initially prepare two single crystals of the same size: one with up polarization, the other with down polarization. We join these two structures and apply periodic boundary conditions, thereby forming two domains, separated from each other by two crystallographically identical ͑X or Y͒ 180°domain walls. We determine the zerotemperature equilibrium structure of each system by allowing all atoms to move to zero-force positions, thereby minimizing the total energy of the system. The simulations are performed under constant pressure conditions for both empirical and DFT calculations in order to capture the change in a volume as well as atomistic displacements. Both methods show less than 1% change in lattice parameters and volume from bulk ferroelectric values.
A. Domain-wall energy
Although the X walls and Y walls are defined to be parallel to the ͑1010͒ and ͑1120͒ planes, respectively, the actual position of the walls is not determined crystallographically but from minimization of the total energy of the system. The solid and dotted lines in Fig. 4͑a͒ denote planes of high symmetry upon which the domain walls might be expected to lie. For the X walls, the two high-symmetry positions are along the ion planes and between the ion planes. For the Y walls, the three high-symmetry positions are at the cation plane, at the anion plane, and between two anion planes.
Both the empirical ͑E͒ and DFT calculations show that the equilibrium positions of the Y wall lies halfway between the anion planes. The calculations yield a Y wall energy of E Y DFT = 160 mJ/ m 2 and E Y E = 230 mJ/ m 2 . That is, the domain-wall energy is defined by the difference in energies of a system with domain walls and a single crystal with the same number of ions, divided by the total area of domain wall in the system. The two methods also agree that the equilibrium position of the X wall lies equidistant between two ion planes, rather than at an ion plane. The X wall displays two different variants ͑X I and X II ͒ with very similar energies ͑E X I E = 260 and E X II E = 255 mJ/ m 2 ͒ but different polarization profiles; the structural differences between these two variants and their origin will be discussed below. The DFT calculations show the same two different structural variants. However, it is not possible to uniquely partition the total energy in a DFT calculation among the various atoms; it is therefore not possible to determine the energies the two domain walls in the simulation cell separately. However, it is possible to extract the averaged energy value:
Although, as is to be expected, the DFT and empirical values do not precisely agree, both methods do predict the Y walls to have a lower energy than the X walls. This conclusion is also consistent with the conclusions of Scrymgeour et al. 9 based on calculations using GinzburgLandau-Devonshire theory.
It is also possible to estimate the energy barriers for the motion of the domain walls by determining the energy of likely transition states. In particular, we can force the domain wall to be at a specific plane by setting the positions of the ions in the plane to be the average of the two opposite polarization states. For the Y wall, it seems logical that the cation plane should be the transition state because it is symmetric, lying halfway between two equivalent equilibrium positions. 
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30 mJ/ m 2 . Again, there is a difference in the precise values from the empirical and DFT calculations; however, they both agree that the Y wall has a higher-energy barrier for domainwall motion than the X walls.
B. Atomic displacement around domain walls
The domain walls break the crystallographic symmetry of the single crystal. Because of their proximity to two regions of opposite polarization, the atomic structure in the planes close to the domain walls should be a close approximation to the paraelectric structure, converging to the ferroelectric structure at some distance from the domain wall. Moreover, the domain walls produce displacements, not only parallel to the polarization direction ͑z͒, but also in the x − y plane, with both components normal to and parallel to the domain wall. Following the notation of Scrymgeour et al., 9 we denote displacements and polarizations normal to the domain wall as "normal" or "n," and those parallel to the domain wall ͑but orthogonal to the bulk uniaxial polarization͒ as "transverse" or "t." Close to the domain walls, all three components of polarization can be manifested.
Y walls parallel to c-glide planes
The Y wall lies between two anion planes separated by only 0.64 Å. The oxygen ion displacements in these planes are therefore large, as shown in Fig. 8 . Since at equilibrium the Y wall lies between two anion planes, the closest cation planes are much further away, 1.3 Å, and thus undergo significantly smaller Z displacements than the anions. Interestingly, the symmetries of the cations are also broken by the Y wall. However, in this case the symmetry breaking does not arise from the wall itself but as a secondary effect caused by the breaking of the symmetry of the O1, O2, and O3 ions. For example, the top Li in Fig.  6͑c͒ is in an oxygen cage of different orientation than the oxygen cage enclosing the lower Li ion. Therefore, although they are the same distance from the Y wall, these two distinct Li I and Li II ions undergo different Z displacements ͑0.02 and 0.00 Å͒. Similarly, the distinct Nb I and Nb II ions also undergo Z different displacements ͑0.019 and 0.016 Å͒. The maximum cation displacements of both Nb and Li ion are, unsurprisingly, in the planes closest to the Y wall. These cation displacements are in the direction opposite to the displacements associated with the ferroelectricity, indicating that the cations are displaced back toward their paraelectric positions. The cations recover their ferroelectric positions ϳ11.7 Å from the wall, which is twice the distance of that required by the anions.
Because the oxygen ions near the Y wall shift oppositely poled ferroelectric states to approximately paraelectric symmetric position at the domain walls, the oxygen ions on opposite sides of the domain wall displace in opposite transverse directions. If an oxygen ion moves along the positive y axis along on one side of the wall, the crystallographically equivalent oxygen ion on the opposite side moves along the negative y axis. For displacements normal to the wall, symmetric oxygen ions on opposite sides displace equally either toward or away from the Y wall regardless of ferroelectric state. Figures 9͑a͒ and 9͑b͒ shows the transverse and normal displacements of the oxygen ions in the region around a Y wall; Figs. 9͑c͒ and 9͑d͒ show the corresponding displacements for the cations. Here, the positive and negative signs of the transverse displacement correspond to movement in the +y and −y directions. Figure 9͑c͒ shows the transverse displacements of cations at the nearest cation plane of the up-polarized region; the transverse displacements for the down polarization side are equal and opposite. For normal displacements, the positive and negative signs denote displacement movement away from and toward the Y wall, respectively.
The transverse displacements of the three different nonsymmetric oxygen ions can be analyzed in a similar manner. As Fig. 9͑a͒ shows the O1, O2, and O3 ions on the one side of the wall displace in opposite directions from their counterparts on the other. Because the closest anion to the wall, O2, shows the largest displacement in z direction, it also has the largest transverse displacement, O2 T ϳ 0.066 Å.
As we can see from Fig. 9͑b͒ , the normal displacements of oxygen ions show the same pattern on the two sides of the domain wall. For the Y 1 axis, the O1 ions have same x positions, but different y positions in the two different ferroelectric states; they thus displace along only in the transverse direction. Specifically, the simulations show that the Y wall pushes the O1 ion away from the wall; the normal displacement is O1 N ϳ 0.02 Å at the nearest oxygen plane.
The normal displacements of the O2 and O3 ions are almost equal and opposite to each other ͑O2 N ϳ −0.15 Å and O3 N ϳ 0.13 Å͒ because the Y 2 and Y 3 axes are oriented at −60°and +60°angle to the Y wall. These displacements are larger than the ferroelectrics displacements, Ϯ0.11 Å, resulting in additional normal displacements of oxygen ions which break the paraelectric symmetries of oxygen ions near the Y wall.
The broken symmetry of the oxygen ions also causes the cations to break the uniaxial symmetry around the Y wall. Figures 9͑c͒ and 9͑d͒ show schematic views of the transverse and normal cation displacements for the cation plane closest to the Y wall, at which the displacements are largest. The Li I and Nb I show relatively larger transverse displacements than the Li II and Nb II ions. As we can see from Fig. 9͑c͒ , the Li and Nb ions displace in opposite transverse direction, although Li I and Li II ions displace in same transverse directions, as do the two types of Nb ions. Figure 9͑d͒ shows that all of the cations near Y wall are displaced in the normal direction away from Y wall. Because of their weaker electrostatic interactions with the oxygen ions, the Li ions displace more than the Nb ions. Because of the differences in the symmetries of the displacement pattern along the transverse and normal direction, the normal displacements of cations converge to zero at relatively longer distances from the Y wall ͑ϳ11.67 Å͒ than the transverse displacement ͑ϳ6.48 Å͒.
X walls perpendicular to c-glide plane
The structure of the X wall is very different from that of the Y wall for two reasons. Most importantly, the X wall lies parallel to planes that contain both anions and cations. More subtly, because it lies at 30°to the Y wall, the X wall is normal to one of the Y directions, and at Ϯ30°to the other two. Because of the differing oxygen displacements on the oxygen sublattices, this creates two X-wall variants, depending on whether the other oxygen displacements point into the X wall or point out of the X wall. In particular, as Fig. 10͑a͒ shows, when the Y 2 direction is perpendicular to the X walls, the O2 ions mainly displace in the normal direction into the domain wall, leading to the X I wall. An O2 ion sitting near the X I wall moves in the +Y 2 direction for the up polarization and in the −Y 2 direction for the down polarization state. Both of these displacements represent normal displacements toward the X I wall. Likewise, Fig. 10͑b͒ shows that when the Y 3 direction is perpendicular to the X wall, the O3 ions displace along the normal direction away from the domain wall. This direction is opposite to that for X I wall, thus creating a different variant, the X II wall. The positive displacement of the O3 ion along Y 3 axis near the X II wall for up polarization and negative displacement for down polarization indicates the movement of O3 ions away from the X II wall. Figures 11͑a͒ and 11͑b͒ show the displacement patterns of the anions and cations in the Z direction around the X I wall. The Z displacement is largest in the planes closest to the domain wall, decaying to zero at ϳ5 Å from the wall. The corresponding cation displacements are much smaller with the cations moving closer to their paraelectric positions. Figures 11͑c͒ and 11͑d͒ show the anion and cation displacements around the X II wall. The Z displacements of the oxygen ions are quite similar for the two X-wall variants, except that the maximum Z displacement of the X II wall is slightly larger ͑0.19 vs 0.17 Å͒. However, comparing Figs. 11͑b͒ and 11͑d͒, there are significant differences in the cation displacements. For the X I wall, the maximum Z displacement of both cations is observed at the nearest plane. For the X II wall, the Li and Nb ions move by the same amount in the Z direction at the closest plane, thereby compensating for the displacement of oxygen positions in the Z direction. As a result, the Li ion closest to its paraelectric position is at the secondnearest plane. In contrast to the Y walls, there is only one type of Z-displacement pattern for Li ion and Nb ion in the X walls
The two X-wall variants also create two distinct patterns of normal and transverse ion displacements, see Fig. 12͑a͒ . The negative sign in the normal displacement for the O2 ions indicates that they move toward the X I wall; the O1 and O3 ions move away from X I wall by equal amounts along their internal Y axes. In a similar manner, Fig. 12͑b͒ shows the displacements of the anions near X II wall. The maximum normal displacement ͑ϳ0.17 Å͒ at the plane closest to the wall disappears ϳ5 Å away from both of X walls. Figure  12͑c͒ shows the transverse displacement of the anions around the X I wall; the displacements for the X II wall are very similar. All of the transverse displacements of the anions are cancelled by equal and opposite displacement patterns. The displacement of cations around the two X walls are shown in Fig. 12͑d͒ through Fig. 12͑f͒ . Unlike the Y wall, only one normal displacement pattern for each cation is observed for both X walls. Figure 12͑d͒ shows the cation displacement around the X I wall. The first + / − sign for each cation represents the normal displacement while the second + / − sign designates the transverse displacement of the cations. The Li and Nb ions, which move in opposite normal direction, show the largest displacement at the secondnearest plane from X I wall. Both Li and Nb ions in the first plane move away from the X II wall, Fig. 12͑e͒ . However, the Li ions in the second plane move into the X II wall while the Nb ions shift away, Fig. 12͑f͒ . The transverse displacement of the cations are very similar to the anion displacement. Unlike the normal and Z displacement pattern of cations, the nonsymmetric cations, Li I , Li II and Nb I , Nb II , show opposite displacements in the transverse direction. Therefore, the equal and opposite transverse displacement of each cation along Z direction will be cancelled out.
C. Polarization at domain walls
The switching of the polarization at a ferroelectric domain wall is generally considered to be relatively abrupt, taking FIG. 11 . ͑Color online͒ The Z-displacements patterns relative to the bulk ferroelectric phase around X I wall and X II wall. ͑a͒ The anion displacement pattern around X I wall. ͑b͒ The cation displacement pattern around X I wall. ͑c͒ The anion displacement pattern around X II wall. ͑d͒ The cation displacement pattern around X II wall. place over only one or two unit cells. 33 However, the relatively long distances ͑up to ϳ10 Å͒ over which the atomic displacements return to bulk values suggest that the polarization may be governed by a similar length scale. In this section, we characterize the transition in the uniaxial polarization, and in the components of polarization normal to and transverse to the domain wall. As we shall see, these more complex polarization patterns manifest some features reminiscent of those present in ferromagnetic domain walls in which the spin state switches from one to another over, typically, many tens of unit cells. 34 However, because of the much greater strength of electrostrictive interactions compared to magnetostrictive interactions, the nonuniaxial components are relatively small and characterized by shorter length scales than their magnetic counterparts.
Y wall
We have determined the polarization along the direction normal to the Y wall using both empirical potentials and DFT. As is customary, 35 for the DFT calculation both ionic and electronic contributions to the polarization are considered by implementing the Born effective charge ͑BEC͒ formalism. The BEC analysis, developed by Veithen and Ghosez 27 and using the Berry phase approach, was used to analyze the bulk LiNbO 3 ferroelectric system. As Fig. 13͑a͒ shows, the two methods give very similar profiles in the uniaxial contribution to the polarization. The asymmetric pattern of up and down polarization arises from the shift in the Y wall from the anion plane to the equilibrium positions; as a result, one of the domains is wider than the other. We note that using the full ionic charge in analyzing the DFT results, rather than the Born effective charges, leads to almost complete overlap with the polarization profiles determined from the empirical potentials. We take the good agreement between the DFT and empirical results as validation for the larger scale calculations using the empirical potentials, which show a change in P z over a very short distance, see Fig. 13͑b͒ .
The nonuniaxial displacements of the ions generate nonuniaxial contributions to the polarization. Figure 13 shows ͑c͒ the normal and ͑d͒ the transverse polarization around the Y wall. Both are antisymmetric around the domain wall with zero polarization contributions at the center of domain wall. The normal and transverse polarizations show maximum values of 0.60 and 1.66 C / cm 2 at 2.58 Å, decaying to zero ϳ9 Å away from the wall.
A 180°ferroelectric wall is typically understood as Ising type; by contrast a 180°magnetic wall is typically understood as Bloch type or Néel type. 36 The presence of significant polarization components P n and P t of up to ϳ2.66% of P z gives rise to a Bloch-type and a Néel-type contribution to the predominantly Ising-type Y wall. 37 The polarization vector, P z + P t leads to a Bloch-type rotation by angle B in the t-z plane of the domain wall, Fig. 14͑b͒ , whereas polarization vector, P z + P n leads to a Néel-type rotation by angle N in the n-z plane perpendicular to the domain wall, Fig. 14͑c͒ . The maximum rotation angles of B ϳ 1.52°and N ϳ 0.55°o ccur at a distance x n ϳ Ϯ 1.3 Å from the Y wall where the P n and P t components are maximum. Thus the Y wall has a relatively strong Bloch-type rotation behavior and a weak Néel-type rotation behavior. 
X walls
As in the case of the Y wall, the empirical and DFT calculations yield very similar polarization patterns around the X walls, see Fig. 15͑a͒ . To understand the polarization pattern around the X walls without the limitations of small system sizes, we again perform larger scale simulations with the empirical potentials. For the geometry used in this study, the X I wall lies at center of the system, while the X II wall lies on the periodic boundary at Ϯ70 Å. As we can see from the figure, both X walls show very sharp transition regions between polarization states. The bulk polarization of 62.4 C / cm 2 is reached at ϳ6 Å away from X I wall and at ϳ9 Å away from X II wall.
Because the atomic displacements in the transverse direction are cancelled by equal and opposite movement of each ion, Fig. 12͑c͒ , there are no transverse polarizations at the X walls. Figures 15͑c͒ and 15͑d͒ show the normal polarization profile around X I wall and X II wall, respectively. The different normal polarization patterns near the two X walls are the result of different displacements of the cations. With the largest normal displacements at the second-nearest plane, the maximum polarization of 0.61 C / cm 2 out of X I wall is observed at 5.2 Å away, slowly decreases in a monotonic manner, reaching 10% of its maximum value about ϳ15 Å away. The change in normal displacement pattern of cations between the first-and second-nearest plane to X II wall generates the maximum outward polarization of 0.71 C / cm 2 at 1.49 Å and leads to oscillatory convergence over a distance of ϳ9 Å. Considering the maximum Bloch-type and Néel-type rotation angles near the X walls, the angles are B ϳ 0°and N ϳ 0.56°for the X I wall and B ϳ 0°and N ϳ 0.65°for the X II wall. Thus, both X walls show only Néel-type rotation.
D. Domain-wall width
The Ginzburg-Landau-Devonshire ͑GLD͒ ͑Refs. 38-40͒ thermodynamic theory successfully explains the relationship between the variation in the polarization and domain-wall width in the transition region for both perovskite materials 39 and for trigonal ferroelectrics such as LiNbO 3 and LiTaO 3 .
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In the transition region, the total free energy of a ferroelectric material can be understood as arising from four different FIG. 14. ͑Color online͒ Schematic representation of ͑a͒ three different polarization, P z , P t , and P n ; ͑b͒ Bloch-type wall is created by vector sum of P z and P t and ͑c͒ Néel-type wall is created by vector sum of P z and P n . B and N is calculated by maximum rotation angle of polarization at the position where P z returns to bulk polarization value.
FIG. 15. ͑Color online͒ ͑a͒
Comparison on Z directional polarization around X walls between DFT and empirical simulation methods. ͑b͒ Uniaxial polarization profile of larger simulation cell with X walls. Two different X walls are created at the center ͑X I wall͒ and at the boundary ͑X II wall͒. ͑c͒ The variation in in-plane polarization around X walls; normal polarization profile near ͑c͒ X I wall and ͑d͒ X II wall. energy components:
41,42 a free energy associated with the second-order phase transition, a free energy associated with elastic lattice displacement, a free energy derived from structural distortion by nonuniform polarization, and a free energy association with the gradient in polarization.
Solving the free-energy equation for energy minima, Scrymgeour et al., 9 show the relationship between three components of polarizations, P n , P t , and P z as
where, ik ͑i = n , t; k =1,2,3͒ are the coefficients of the polynomials. Our atomic-scale simulation study also shows that nonuniaxial polarizations are strongly correlated with the uniaxial polarization. While P z shows a kink-type polarization variation reaching zero at the center of the wall, P n and P t are zero both at the center of the wall and far away from the wall. The simulations discussed above show that in-plane polarizations reach their maximum value at approximately the same distance from the domain wall as P z returns to bulk value. Thus, P n and P t returns to zero bulk value at relatively longer distance than P z . Because, no complete model has been developed for the nonuniaxial polarizations of trigonal systems, we only show the domain wall half width along with P z component in this study. A fit of P z to a single hyperbolic function, Eq. ͑5͒, yields o ϳ 2.16Ϯ 0.05 Å. Figure  16 show normalized polarization profiles of P z along x n around the Y wall. The solid line is a fit to simulation results for P z .
The two X walls yield essentially identical domain wall half width: o ϳ 2.10Ϯ 0.03 Å for the X I wall and o ϳ 2.12Ϯ 0.03 Å for the X II wall, as shown in Fig. 17 . The fits of P z to single hyperbolic function lead to very similar domain wall half width for three different types of domain walls. The absence of analytic results for nonuniaxial contributions to the polarization indicates that there is still scope for further developments in the GLD analysis of these domain walls.
E. Threshold field for domain-wall motion
Ishibashi 43 and Suzuki 44 showed that the width of the domain wall controls domain-wall motion with the activation energy for wall motion being inversely proportional to its width. In their analysis, the activation energy for domainwall motion, can be expressed as a free-energy difference between equilibrium state and transition state, ⌬F activation ,
where ␣ 1 and ␣ 2 are the constant in the GLD polynomial, 0 is domain-wall half width, P S is spontaneous polarization, and a is lattice constant. From this the threshold field for domain-wall motion can be determined as the activation energy dividing by 0 P S . 45 In the previous section, we obtained domain-wall widths by fitting the P z profiles. The lattice parameter for Y wall shows a ϳ 5.1684 Å and spontaneous polarization P S ϳ 62.4 C / cm 2 . The coefficients for the GLD polynomial constants can be determined from the polarization and CurieWeiss law, The comparison between the calculated constant values and literature value for the parameters entering Eq. ͑7͒ is listed in Table II . Using Table II 2 for an average value of two X walls. Because P z yields essentially the same domain-wall width for all three domain walls, the threshold fields are similar. However, the normal and parallel polarization contributions are different in each case, which could have a significant effect on the threshold field. In the absence of a theory of these nonuniaxial polarizations for the trigonal structure, we cannot estimate their effect, however. Thus further development of the model for the nonuniaxial component of polarization is necessary to improve the GLD phenomenological analysis.
V. CONCLUSIONS AND DISCUSSION
The structure and energetics of domain walls in LiNbO 3 have been studied by empirical potentials and verified by DFT. The Y wall is energetically favored but should be less mobile because the activation energy for migration is higher. The broken symmetries of both cations and anions near the wall lead to nonuniaxial polarization. This expands the characteristics of ferroelectric domain wall from simple Isingtype to include Bloch-type and Néel-type components. The fits to the GLD formalism of uniaxial polarization profiles of different domain walls lead to very similar domain-wall widths. Although the absolute value of the in-plane polarization is small, less than 3% of uniaxial polarization, the inplane polarization has an important role for understanding ferroelectric domain-wall behavior in LiNbO 3 . Moreover, since other material systems also appear to show such inplane wall components, 37 it is possible that mixed Blochtype and Néel-type character to ferroelectric walls may be more ubiquitous. These nonuniaxial polarization components can change the relative electrostatic energies of different wall orientations and can explain why some wall orientations are seen and not the others. 
